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THE pe HAAS-van ALPHEN EFFECT

By D. SHOENBERG
Royal Society Mond Laboratory, University of Cambridge

(Communicated by Sir Lawrence Bragg, F.R.S.—Received 22 December 1951)
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N The magnetic anisotropy of single crystals of various metals has been studied experimentally
particularly at liquid-helium temperatures, and an oscillatory variation with field (de Haas-van
Alphen effect) has been discovered in gallium, tin, graphite, antimony, aluminium, cadmium,
indium, mercury and thallium. Previously the effect has been found only in bismuth and zinc,
and recently it has been found by Verkin, Lazarev & Rudenko also in magnesium and beryllium.
After a brief statement of Landau’s theory of the effect and some recent modifications by Dingle,
the experimental technique is described and the results for the individual metals are presented.
The effect has been studied most thoroughly for gallium, tin, graphite and antimony, and it has
been possible to explain the results in considerable detail on the basis of the theory, though some
features such as the modulations of the oscillations cannot be fully explained; the theoretical
interpretation of the results for the other metals is less complete, mainly because of experimental
difficulties specific to each metal which hindered a complete investigation.

Comparison with the theory shows that the effect can be explained if it is assumed that only
a very small number of free electrons (ranging from 10-% to 10-3 per atom) are effective and that
these electrons have effective masses which are small (usually of order of one-tenth of an electron
mass) and depend on the direction of the applied magnetic field. The period, amplitude and
temperature-dependence of the oscillations vary considerably from one metal to another, depending
on the particular values of these parameters. These ‘effective’ electrons are presumably those
which overflow at certain places in wave-number space from one Brillouin zone into another, or
the ‘holes’ left behind in nearly full zones, and their small effective masses are associated with
large curvature of the Fermi surface in these regions. The theory assumes that the relevant parts
of the Fermi surface can be represented by ellipsoids, and for some of the metals the form of these
ellipsoids can be worked out in detail on the basis of the experimental results. The fact that the
de Haas-van Alphen effect has not been found in monovalent metals such as copper, silver and gold
up to fields of 15800 G, supports this interpretation, since the Fermi surface in these metals does not
cross Brillouin zone boundaries. Although the oscillatory variation of anisotropy was the main
object of the investigation, some new data on the steady part of the anisotropy were also obtained,
and where a detailed comparison with theory was possible it was found that the free electrons
effective in producing the oscillations could account only partly for the observed steady anisotropy.

An important feature of the comparison with theory is that in order to explain both the tem-
perature and field variation of the amplitude of the oscillations consistently it is necessary to add
to Landau’s formula an exponential ‘damping factor’ involving a parameter » which has the dimen-
sions of temperature and is usually of order 1°K. The effect of this ‘damping’ is equivalent to that
of raising the temperature by x°K. Dingle has shown that just such a factor is to be expected if
broadening of the energy levels due either to collisions or other causes is taken into account. Ex-
periments on the de Haas-van Alphen effect in a series of alloys of tin with mercury and indium
support Dingle’s interpretation in showing that the parameter x varies approximately linearly
with the reciprocal of the collision time (i.e. with the residual resistance), and the slope of the
linear relation gives a reasonable value of the collision time. It is clear, however, that collision
broadening alone cannot account for the experimental values of x for pure metals, and other
causes of level broadening, such as the effect of the electric field of the crystal lattice, must be
invoked.
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2 D. SHOENBERG ON THE

INTRODUCTION

An oscillatory variation of magnetic susceptibility with field strength at low temperatures
was first discovered in bismuth by de Haas & van Alphen (1930, 1932) and the effect is
usually named after them. Peierls (1933) showed theoretically that such an effect could be
expected for a free electron gas, but that in ordinarily practicable experimental conditions
in metals it should occur only if there were very few free electrons per atom which were
relevant, and, moreover, if the effective mass of these electrons was rather small. Further
development of the theory by Blackman (1938) and Landau (1939) enabled more precise
comparison with experiment to be made, and later experiments (Shoenberg 1939) showed
that the theory could successfully account for many of the finer details of the experimental
results if it was assumed that only about 107 electrons per atom were effective, and that
the effective mass was of the order of one-tenth of an electron mass (varying suitably with
the direction of the magnetic field in the crystal).

All this work supported the view that rather particular conditions were necessary for the
de Haas-van Alphen effect to be observed, and it seemed likely that the right combination of
conditions might occur only in bismuth, which was in other respects already known to be
rather an anomaly among metals. This point of view, however, became untenable when
Marcus (1947) found that zinc also showed a marked de Haas-van Alphen effect. Com-
parison of the theory with the more detailed experiments of Sydoriak & Robinson (1949)
and Mackinnon (1949) showed that the behaviour of zinc could be explained if electronic
parameters were assumed of orders of magnitude quite similar to those which had to be
assumed to explain the behaviour of bismuth. This discovery suggested that the de Haas-
van Alphen effect might occur in reasonably practicable conditions of field and temperature
much more generally than had at first been thought, particularly in multivalent metals
for which the Fermi surface may, over small regions in phase space, be very distorted where
it crosses Brillouin zone boundaries, thus producing, as it were, ‘ pockets’ containing very few
electrons or ‘holes’ of low effective mass.

An exploratory investigation was accordingly initiated early in 1949, in the course of
which the magnetic behaviour of as many metals as could be easily crystallized has been
studied by the method of measuring the torque on a single crystal in a uniform field. It
has turned out that gallium, tin, graphite, cadmium, indium, antimony, aluminium, mer-
cury and thallium all show the de Haas-van Alphen effect, while lead, copper, silver, gold,
germanium and tellurium do not show the effect in the most extreme conditions tried (up
to 15800 G and down to about 1-1°K). At about the same time a similar series of experi-
ments has been carried on independently by Verkin, Lazarev & Rudenko (1949, 19504, 4,
1951 @) who have also found the de Haas-van Alphen effect in tin, cadmium, indium, mag-
nesium, beryllium and antimony. Thus itis indeed true that most of the multivalent metals
so far tried do show the effect, while the monovalent metals do not.

Although the present investigation has been largely exploratory it has had also the aim
of studying the extent to which the theory applies to actual metals in detail, and of ob-
taining information where possible about the electronic parameters of the various metals.
Some of the metals (gallium, tin, graphite and antimony) have been studied in fair detail,
but the others have been studied only to the stage where it became apparent that a much
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DE HAAS—VAN ALPHEN EFFECT 3

longer investigation would be required for a thorough analysis. Novel features have
appeared in nearly every new metal studied, but the general policy has been not to impede
the general exploratory character of the research, and to leave for the future any more
detailed investigation of features which would -have diverted too much effort from the
main research.

While the experiments were in progress Dingle (1952 a, 4) suggested some improvements
to the theory, and in particular showed that if collisions are taken into account the de Haas-
van Alphen effect should be ‘damped’ to an extent which increases as the collision time
is reduced.* Special experiments on tin contaminated by various small quantities of mer-
cury and indium have provided support for this extension of the theory and have yielded
a reasonable estimate of the collision time in pure tin.

The results are most easily presented with reference to the theoretical formulae, and so
it will be convenient first to summarize the theoretical predictions and to indicate just what
features of the de Haas-van Alphen effect can most profitably be studied and what can be
learnt from such a study. After this theoretical introduction, the experimental technique
will be described, then the results for the individual metals in turn will be presented and
discussed, followed by a summary of the results on the steady anisotropy and an account
- of the work on tin alloys; the final section summarizes the quantitative information derived
from this and other investigations on the fundamental electronic parameters characterizing
the metals which show the de Haas-van Alphen effect. A number of preliminary notes on
this work and on some of Dingle’s theoretical results have already appeared (Shoenberg
1049, 1951 4, b; Dingle & Shoenberg 1950).

THEORETICAL STATEMENT

The original theory of Peierls (1933) and its extension by Blackman (1938) to take into
account anisotropic effects gave only implicit relations between the magnetization and the
field, and the main advance of Landau’s (1939) theory was in expressing these relations in
explicit form. Since then, essentially the same results have been obtained by other authors
using a variety of mathematical methods (Akhieser 1939; Rumer 1948; Sondheimer &
Wilson 1952; Dingle 19524). In its simplest form Landau’s final result for the anisotropy
may be expressed as

- sinc;ﬁ F _ ZAﬁm‘{%z ( Ekg )% i (znsz) [ zﬂsz (2;50'_9}. 1)

Here C'is the observed couple per unit mass about an axis perpendlcular to the direction of
the field H and ¥ is the angle between the field and a suitably chosen axis in a plane normal
to the axis of measurement of C; thus the left-hand side of (1) is essentially the difference
Ay of the mass susceptibilities in two directions at right angles. On the right-hand side pi is
the density and 4 is a constant given by

A = 2 E[m*chi(2k) m'?; (2)
fisan® effective’ double Bohr magneton defined by
[ = efi[me, (3)

* After Dingle’s work was complete I learnt that a similar calculatlon has also been made by Robinson:

(1950).
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4 D. SHOENBERG ON THE

where m is a suitable ‘effective’ electronic mass which is in general dependent on the field
direction relative to the crystal axes; Am is a factor containing the difference between two
effective masses and in general it may depend on ¢; m’ in (2) is yet another combination of
effective masses and E,, is the degeneracy parameter of the relevant electrons. The precise
definitions of m, m’ and Am depend on the geometry of the experiment and also on the
symmetry properties of the crystal, and some special cases will be discussed in more detail
later. ‘ |

"Equation (1) is based on the assumption that the surfaces of constant energy in phase
space can be considered as ellipsoids whose equations are of the form

oy P2+ "‘221%2 +ass p2+ 2093 P, P, + 20051 0, P+ 200900y = 2Em,, ‘ (4)

where m, is the true electronic mass, and it is these various coefficients «; which enter into
~ the precise definitions of the effective masses mentioned above. In order to satisfy the re-
quirements of crystal symmetry, either the ellipsoid must itself have the symmetry properties
of the crystal, which imposes severe restrictions on the coefficients «;; (for instance, for cubic
symmetry evidently a;; = 0y = 033 and o, = 53 = at3; = 0), or else several ellipsoids must
be introduced, obtained one from the other by the appropriate symmetry operations (for
instance, if @, # oy, * t55 but a5 = 53 = a3, = 0, six ellipsoids would be required for cubic
symmetry, but if no terms vanish, twenty-four ellipsoids would be required). There may
also be several independent systems of ellipsoids involved, each system separately fulfilling
the requirements of crystal symmetry. Itis because of the possibility of such a multiplicity of
" ellipsoids that the summation sign is required in equation (1), though in practice often only
a single term, or occasionally two, are important, owing to the dominating influence of the
exponential term with the highest value of . It should be noticed that although £, has to
be the same for all the ellipsoids obtainable from each other by symmetry operations, it need
not be the same for any independent system of ellipsoids, since it is measured from the
bottom of the relevant zone (or for ‘holes’, from the top of the relevant zone).
It must now be pointed out that equation (1) is a valid approximation only when
E > kT> pH/[2n% If the latter half of the inequality is not satisfied (which as we shall see
does sometimes happen in our experimental conditions), the product of the exponential
and the sine in (1) must be replaced by the more general expression

. : . (2mpE,
e |
P okl (5)
2p Slnh_ﬁ*H— ’

Arising out of Dingle’s recent theoretical work (19524, 5)* three further modifications
of equation (1) have to be considered:

(1) Landau’s original theory took no account of electron spin; this was considered by
Akhieser (1939), but only for free electrons. Dingle (1952 @) and also Sondheimer & Wilson

* In the earlier version of this work (Dingle & Shoenberg 1950) it was suggested that if E, rather than n

- (the number or free electrons per atom contributing to the effect) were regarded as constant the formulae

became substantially modified. It has since been proved that this conclusion was based on an erroneous

argument, and that at low fields (fH < E;) it does not matter whether E; or n is regarded as constant. I have
to thank Professor L. Onsager for pointing out this error.
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pe HAAS-van ALPHEN EFFECT 5

(1952) have shown that in general a factor cos (mpf,/f) must be included in each term to
take into account the modification of the energy levels due to the spin magnetism. Since
for most metals showing the de Haas-van Alphen effect § proves to be several times greater
than £, (the true double Bohr magneton), this factor does not usually differ appreciably
from unity, but occasionally it is just of practical significance (e.g. in gallium).

(2) If collision broadening of the energy levels is taken into account, an extra factor
e #/7#H must be included in equation (1), or more generally a factor e~##/7## in each term
of (5). Here 7 is the collision time, and it should be emphasized that this rather simple
result with 7 independent of H and 7 is valid only on certain simplifying assumptions. It
should be noticed that as far as equation (1) is concerned the influence of the extra factor
in reducing the amplitude of the oscillations is exactly the same as if the temperature had
been raised by an amount x, where
: x = h/2n%r. (6)
The introduction of the extra factor e~2*#/AH turns out to be very useful not only in the
interpretation of the present experiments but also of the earlier results on bismuth and zinc.
Indeed, it was pointed out as an empirical fact in the discussion of the bismuth results
(Shoenberg 1939) that the field and temperature variations of amplitude could have been
made to agree much better with (1) if the temperature had been for some reason about
1°K higher than it was supposed to be.

(3) It is probable that other causes of level broadening exist, for instance the periodic
electric field of the lattice, and these will also reduce the amplitude; thus the above theo-
retical formulae should be regarded as giving only upper limits to the amplitude, and they
may not even give the form of the field variation correctly. The theory of such effects has
not yet been worked out quantitatively.

We are now in a position to review briefly the 1nf01=mat10n that can be obtained from
suitable measurements of the de Haas-van Alphen effect. To avoid confusion the discussion
will be limited at present to cases where only one term of (1) is relevant, and discussion
of the more complicated behaviour when several terms are present will be postponed until
the relevant experimental results have been presented.

For all the metals studied so far, the curve of magnetic anisotropy against 1/H has uni-
form periodicity, and the positions of the maxima and minima are independent of tem-
perature. This is entirely in accord with the prediction of (1), and the period in 1/H gives
a value of §/E,. On the basis of the variation of period with the orientation of the field rela-
tive to the crystal axes, it is possible to consider the question of what system of ellipsoids is
needed to represent the relevant parts of the Fermi surface. However, as we shall see in the
detailed discussion of individual metals below, it is probable that the representation by
ellipsoids is sometimes inadequate in detail, and a more general theoretical approach may
be required before a full interpretation of the data is possible. : :

As predicted by (1), the amplitude a of the oscillations always grows as the temperature
T is lowered, and if log a/ T is plotted against 7 for given H a straight line is obtained from
the slope of which f may be deduced. In this way # may be determined for various orienta-
tions, and it is possible to see whether or not it varies in proportion to f/E, as found from
the period, i.e. whether or not E, has the same value for all orientations. At the highest
fields and lowest temperatures 272 7/fH occasionally becomes small enough to make the
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6 D. SHOENBERG ON THE

difference between exponential and sinh (see (5) and (1)) appreciable, and the logarithmic
plot ceases to be linear. As will be explained in the detailed discussion later (see p. 15) this
situation can be dealt with by a process of successive approximations. Another consequence
of a sufficiently small value of 27% T/fH is the presence of harmonic components, and we
shall see that these have in fact been detected experimentally in gallium and graphite.

The next comparison with theory is as regards the field variation of the amplitude of the
oscillations; it is appropriate to plot log aH* against 1/H. The slope of the straight line gives
2n2k( T+ x) f, and, knowing the value of £ from the temperature variation, x can be deduced.
The value of ¥ may thus be found for any curve of anisotropy against 1/H which extends
far enough, and important points of interest are to verify that it does indeed have the same
value for the same orientation at different temperatures*, and also to see how it varies with
orientation and impurity content. On the basis of such results the interpretation of x in
terms of equation (6) may be discussed. Further evidence on the validity of the theory
comes also from a study of the variation of amplitude at a given field strength with orienta-
tion and with impurity content.

The absolute value of the oscillation amplitude isin principle of interest, though in practice
the information obtained from it gives, at best, only orders of magnitude. This is partly
because (for reasons not completely understood) it was not experimentally a very repro-
ducible feature, and sometimes (e.g. in tin) it differed by as much as a factor 2 between
experiments in which conditions were nominally identical, and partly because the theoretic-
ally predicted value of the absolute amplitude might be expected to be sensitive to some of
the simplifying assumptions of the theory. In particular, as Dingle has pointed out, the
influence of the electric field of the lattice is only crudely taken into account by the device

~of introducing modified effective masses and a modified number of electrons. The absolute
value of the amplitude can be used-n two rather different ways. If (as for gallium and tin)
the scheme of ellipsoids is sufficiently clearly understood and the relevant effective masses
have been determined from the periods at various orientations and the temperature varia-
tion of amplitude, then it is possible to predict a theoretical value of absolute amplitude and
thus, by comparison with the observed value, to obtain evidence on the validity of the theory.
For most of the metals studied, however, this procedure cannot be carried through, either
because a satisfactory representation of the Fermi surface in terms of ellipsoids has not been
found, or because one of the effective masses is so much smaller or so much larger than the
others that only a limit to its value can be set. In the latter case (which applies for graphite,
antimony, bismuth and zinc) the absolute amplitude can be used to supply an estimate of
the extreme effective mass by assuming the theoretical formula is correct. Since this pro-
cedure involves the square of the observed amplitude, and since neither theoretical formula
is likely to be completely correct, this estimate of the extreme effective mass is useful only
in indicating a probable order of magnitude. ' }

The phase of the oscillations can in principle be studied by two methods. First, by direct
extrapolation to zero 1/H of the linear plot of the values of 1/H at which maxima or minima
occur against successive integers, and, secondly, from a study of the relative phases of the
higher harmonic components in (5). In practice the first method works only if E,/fH can

* Since the resistivity of most metals is independent of temperature at the low temperatures concerned,
7, and therefore x should also be independent of temperature.
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pE HAAS-van ALPHEN EFFECT 7

be made small enough for its value to be determined with an uncertainty considerably less
than unity, and among the new metals studied this proves to be possible only for graphite
and gallium; the second method is possible only if 272 T/fH can be made small enough for
the harmonics in (5) to be of appreciable magnitude, and this again proves to be possible
only for graphite and gallium. As for bismuth and zinc, it turns out that the phases do not
agree well with the theoretical prediction, and it is probable that the phase, like the absolute
amplitude, is sensitive to the simplifying assumptions of the theory.

Although the study of the oscillatory part of the anisotropy was the major aim of the
investigation many new measurements were also made, incidentally, of the steady part.
The definite theoretical value predicted by the first term of equation (1) is rather mis-
leading, since important contributions to the steady part of the anisotropy may come from
parts of the Fermi surface which contribute only a negligible oscillatory part, and are
therefore ignored in the scheme of ellipsoids deduced from analysis of the oscillatory part.
In fact, where a fairly complete scheme of effective masses has been worked out from the
oscillations, the steady anisotropy arising from these masses according to (1) proves to be
usually considerably different from that observed experimentally.

EXPERIMENTAL DETAILS

The first experiments, which were of a preliminary character, were carried out early in
1949 with the apparatus previously used by Mackinnon (1949) in his investigation on zinc,
and in this series the de Haas-van Alphen effect was discovered in gallium, tin and graphite
(Shoenberg 1949). The apparatus, however, was not very flexible in dealing with the neces-
sary variety of conditions and, moreover, the restrictions of field up to 9500 G (which could
be obtained only by overrunning the magnet) and of temperature down to about 1-5° K,
imposed several limitations. A new apparatus was accordingly constructed late in 1949
which, though working on the same principle as the earlier one, was arranged for more
convenient interchange of suspensions and specimens; the new apparatus was mounted in
a larger electromagnet, giving fields up to 15800 G, and the arrangements for pumping
the liquid helium were improved so that temperatures of about 1-05° K could be reached.

This apparatus was used for all the subsequent experiments, in the course of which nearly
all the early experiments were repeated and extended ; since no new principles are involved
no further description of the apparatus will be given. One feature of the measuring technique
used in both series of experiments should, however, be mentioned. In measuring the
deflexion of the spot of light reflected from the mirror attached to the suspension it was found
that in general the use of a travelling microscope was too slow, and, moreover, especially
when the oscillation period in 1/H was short, it was difficult to keep the spot of light con-
tinuously in the field of view. The ease and speed of working was greatly improved by
reading the deflexions directly on an ordinary galvanometer scale instead of with a travelling
microscope, and at the same time increasing the sensitivity of the suspension so that de-
flexions of a few centimetres instead of a few millimetres were produced. This increase of
deflexion, although speeding up the readings, introduced a rather troublesome com-
plication. This was that the specimen twisted by approximately 1° for each 6 cm deflexion;
now where the oscillation period in 1/H was short (as in gallium and tin) the positions of the
oscillations were very sensitive to change of crystal orientation, and the small change of
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8 D. SHOENBERG ON THE

orientation associated with the measuring deflexion could in extreme conditions cause
mechanical instability and generally complicate the interpretation of the measurements.
This was at first suffered as a necessary evil, but an improvement was brought about by
again reducing the sensitivity of the suspension (or the mass of the specimen) so that the
deflexion did not exceed a few millimetres, and reading the deflexions with a magnifying
eyepiece on a specially prepared microscopic scale marked in 0-1 mm divisions. In this
way the twist of the specimen could usually be kept within manageable limits without
appreciably reducing the speed of taking readings. '

The return to small deflexions was beneficial also in two indirect ways. One was that it
also reduced the difficulties caused by eddy current damping; in the early experiments on
tin, for instance, measurements were very slow because of the persistence of the eddy
currents induced by a change of field. This had the effect that the spot of light came only
slowly to its final position, and it was often difficult to prevent the field from drifting slowly
while waiting for the eddy currents to die down. Again, any slight wobble of the field (due
to generator ripple) caused irregular deflexions which made the assessment of the final
position very trying. Increasing the stiffness of the suspension and reducing the linear
dimensions of the specimen produced a marked improvement in reducing this eddy-
current damping. It may be mentioned too that in this respect conditions of measurement
were always found to be easier at higher fields, presumably because of the increasing
magneto-resistance effect. The second indirect advantage of working with the smaller
deflexions obtained by reducing the specimen size was the greater homogeneity of field over
the specimen. In fact the inhomogeneity of the field round the centre of the pole-piece
region, although slight, waslarge enough to cause an appreciable reduction in the amplitude
of the de Haas-van Alphen oscillations for large specimens of metals such as tin where the

period was very small.

Although accurate determination of the ‘zero’ position of the light spot was not im-
portant, since the amplitude of the oscillations was the main point of interest, it was
convenient to determine the zero roughly to avoid measuring the deflexions from too
arbitrary a zero (which would have resulted in the final curves of anisotropy against 1/H
being tilted). In this connexion a difficulty arose with metals which became superconducting
at the temperature of measurement, since the small remanent field of the magnet was
sufficient to exert large couples on the crystal due to its irregular shape. This difficulty was
overcome by finding a ‘zero’ position in a field of order 1000 G—large enough to destroy
superconductivity but too small to produce a serious deflexion.

The magnet was calibrated by a search coil and fluxmeter with a relative accuracy of
much better than 1 9, at the highest fields and an absolute accuracy of the order of 1 9, at
the highest fields. The sensitivities of the various suspensions were determined by timing
torsional oscillations with various suitable systems of known moments of inertia attached. No
great accuracy was aimed at and, indeed, it is probable that the sensitivity varied slightly
according to the degree of bowing of the torsion wire. Some incidental comparisons of
absolute values of the steady anisotropy of the same crystal measured with different suspen-
sions or with the same suspension on different occasions, suggest that the overall inaccuracy
arising from calibration errors and also from the magnetic properties of the empty suspen-
sion (which varied irregularly but were not usually allowed for) did not exceed 5 9, (see
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10 D. SHOENBERG ON THE

table 11). The temperatures were determined from the vapour pressure of the helium bath
using the 1949 tables (van Dijk & Shoenberg 1949). Here, again, no great accuracy was
aimed at, since for comparison with theory an accuracy of 0-01° K is usually quite adequate;
on some occasions the arrangements for reading the lowest pressures did not work very
reliably, so that errors of as much as 0-05° K were possible at the lowest temperatures.

A Iist of the specimens used is shown in table 1, which is largely self-explanatory; it is
hoped that the brief details about preparation and examination of the crystals may be of
practical value, since such ‘cookery-book’ information is not usually mentioned in the
literature.

The crystal was stuck with Durofix cement in the desired orientation on to a small quartz
plate, which was then stuck also with Durofix to the flat quartz plate which formed the lower
end of the quartz rod suspension; it was in general possible to achieve any desired orientation
to within 1 or 2°, though occasionally trouble was experienced from the Durofix shrinking
unevenly as it set and pulling the specimen slightly out of its intended orientation. A check
on the correctness of the orientation was provided by rotating the magnet and finding the
positions where the torque due to the anisotropy just vanished with the specimen at any
convenient temperature, e.g. room temperature; this establishes the direction of the pro-
jection of the principal axis on the plane of rotation of the magnetic field. This method of
finding the direction of the projection becomes inaccurate if the torque acting on the
mounting of the specimen is at all comparable to that acting on the crystal, as was indeed
sometimes the case, especially with the tin crystals where the steady anisotropy was small.
A more precise method is to determine at a suitable temperature the position of the magnet
at which the amplitude of the de Haas-van Alphen effect vanishes, since this amplitude is
not influenced by the steady magnetic properties of the mounting. The angles ¥ quoted
in the results were nearly always measured from a zero position determined in this way;
where necessary they are corrected for the finite twist of the crystal under the influence of
the torque due to the field. '

RESULTS ON INDIVIDUAL METALS

Gallium

The preliminary series of measurements (Shoenberg 1949) need not be discussed, for it
has since become likely that the specimen used was not in fact a single crystal. In the later
series, measurements were made on Ga 4 with each of the a-, b-, and ¢-axes vertical in turn, at
each of a variety of angles between the field and the relevant axis. Measurements on Ga 3
and Ga’ were made only with the ¢-axis vertical, and established that the results were
rather accurately reproducible from one specimen to another as regards the periods of the
oscillations and the relative amplitudes for different values of ¥, though the absolute ampli-
tudes were reproducible only to about 20 9,. Since two series of measurements on Ga 4 also
differed in absolute amplitude by 20 9%, it is quite likely that the irreproducibilities arise
from small errors of orientation and positioning in the magnet rather than from any
differences between the crystals.

A representative selection of curves of anisotropy against 1/H for various directions of the
field in the ab-, bc- and ca-planes is shown in figures 1, 2 and 3. All the main measurements
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on gallium were completed before the improvement mentioned on p. 8 of restricting
the deflexions to a few millimetres had been introduced, and the appreciable twist of the
crystal is responsible for the pronounced asymmetry of some of the curves (e.g. y = 33:5°,
figure 1). In its extreme form this effect leads to mechanical instability (see, for example,
¥ = 57-6°, figure 3) which greatly complicates the interpretation of the results. For this
reason it was not possible to obtain useful results at the lowest temperatures except for y
close to 0 or 90°, and most of the measurements at other angles were made only at 4-22° K.
In order to obtain in a reasonable time the general picture of the behaviour of gallium, as
illustrated by the curves shown, it was necessary to sacrifice a good deal of detail and a
little accuracy. The procedure was to observe only the maximum and minimum deflexions
and the fields at which they occurred; the extremes of C/H? of course occur at slightly
different fields from those at which extremes of the deflexions (proportional to C) occur,
but where the period is short and the oscillation amplitude relatively large compared with
the steady mean deflexion, the difference is slight and in practice could be ignored without
serious inaccuracy. In some of the curves, particularly those at lower temperatures, it was
evident that there was a good deal of detail in the curves, and it is likely that some sub-
sidiary maxima and minima and points of inflexion were overlooked. A full study of these
peculiarities would, however, have been extremely tedious, and, moreover, probably of
little value, since some of the peculiarities were ‘instrumental’ in character, being un-
doubtedly due to the instability effects associated with the finite twisting of the crystal.
Later, a detailed study of one particular curve, in conditions such that the instrumental
effect was absent, was in fact made (see p. 17).

The modulations of the envelopes of many of the curves considerably complicate the
interpretation; evidently such modulations are caused by the presence of two terms in
equation (1) of comparable periods and amplitudes, but a detailed analysis is made difficult
by the superimposed exponential factors which are in general slightly different for the two
periods. Where the modulation is not too deep (as for y = 10°, figure 2, or ¥ = 57-6°,
figure 3) the mean period over several ‘beats’ should be the period of the term with largest
amplitude, while the period of the subsidiary term should be less or greater than the
dominant period according as the period at a ‘waist’ in the envelope is greater or less than
the mean period over several beats. The difference of the reciprocals of two periods (i.e. the
frequencies) is of course given by the reciprocal of the beat period (i.e. the beat frequency).
In practice, the two separate periods could not always be determined unambiguously,
owing to insufficient or insufficiently precise data. In a few instances the two periods are
not even comparable, and their relative amplitudes change drastically as the temperature
is lowered; the curves then have a complicated appearance (e.g. ¥ = 8-8°, figure 1, or
¥ = 9-5°, figure 3), and a detailed separation into separate periods is not always reliable.
At the lowest temperature a new short period was found for § = 10° in the b¢-plane (figure 2) ;
the step-wise nature of the curve is almost certainly due to the instability associated with
large deflexions and is not fundamental. This short period was observed only late in the
investigation and may be present in other orientations than the one which was studied in
detail. The quantitative information about the periods is summarized in table 2 and
figure 7, but it will be convenient to postpone discussion until the other features of the
results have been presented. ' '
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Ficure 1. Gad, ab-plane: variation of anisotropy with 1/H at various ¥ and (top right) for Gab
with ¢ at 1/H = 0-65 x 10~*; 9 is the angle between the field and the g-axis and is indicated
for each curve. The temperature is 4-22°K, except where otherwise indicated, and the experi-
mental points are usually maxima and minima. To avoid confusing the diagram only the
envelopes are shown for many of the curves.
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Ficure 2. Gad, be-plane: variation of anisotropy with 1/H at various angles ¢ between the field

and the c-axis; the value of ¥ is indicated for each curve. The temperature is 4-22°K, except
where otherwise indicated, and the experimental points are usually maxima and minima. To
avoid confusing the diagram only the envelopes are shown for many of the curves. The right-
hand diagram for ¥ = 10°, 1-05°K shows a detailed survey of two cycles; the finite twist of the
crystal caused considerable instability so that the maximum and minimum heights were not
very reproducible; the experimental points have been joined up rather schematically bearing
in mind discontinuities noted at the time.
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Ficure 3. Ga4, ac-plane: variation of anisotropy with 1/H at various angles ¥ between the field and
the a-axis; the value of ¥ is indicated for each curve. The temperature is 4-22°K, except where
otherwise indicated, and the experimental points are usually maxima and minima. To avoid
confusing the diagram only the envelopes are shown for many of the curves.
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The determination of £ from the temperature variation of amplitude is also complicated
by the modulations. In principle, the two amplitudes could be separately determined from
a study of the depth of the modulations, but because of the exponential factors this could
in general be done reliably only if a run of several beats were available, and in practice the
data were usually insufficient. Since, however, one of the terms is often fairly dominant,
it is probably not too inaccurate a procedure to assume that the temperature variation of
some particular feature of the curve is governed entirely by the exponential of the dominant
term. For instance, in the curvesfor ¢ = 9:5°, ac-plane (figure 3), the distance from minimum
to maximum at 1/H = 0-685 x 10~*G~! is for the lower temperatures determined mainly
by the long-period oscillation, and it is only at the two higher temperatures that the shorter
period begins to have a dominant influence; this is reflected in the plot of log a/ 7" against 7T,
which becomes less steep at the higher temperatures. By considering only the two low-
temperature points an estimate of # for the long-period term is obtained.

0r—

| | ] | | l | ]

1 2 3 4 08 10 12 14
T (°K) 10 x 1/H (G™1)
Ficure 4 FIGURE 5

F1GURE 4. Variation oflog,,a/ T with temperature 7, for Ga4, ab-plane, y = 78-9°, 1/H = 0-80 x 104,
0, as observed; +, corrected to allow for difference between exponential and sinh.

Ficure 5. Variation of log,, (aH?*) with 1/H for Ga4, ab-plane, i = 78-9° at 4-22°K.

In the analysis of the curves of § = 78-9, ab-plane (figure 1), where only a single period is
evident, it became apparent that the difference between the exponential in (1) and the sinh
in (5) may be significant. This is illustrated by figure 4, where log a/ T is plotted against 7"
for 1/H = 0-8 x 1074, and it can be seen that the point at 1-08° K lies well above the straight

line indicated by the other three points. From the slope of the straight line it follows that
2n% T/fH for T = 1-08° K is about 0-7, and therefore that the ratio of 1/2sinh 2% T/fH
to its approximate form e~27,7/AH j.e. 1/(1—e *kT/FH) is 1/0-75. A better approximation
may therefore be obtained by reducing the amplitude a by the factor (1—e*"*7/fH)
(which here is 0-75) before taking logarithms. It can be seen that this ‘correction’ brings
the low-temperature point much closer to the straight line, while affecting the next point
only very slightly. This correction for the difference between formulae (5) and (1) proved
relevant in nearly all the orientations for which temperature variation of a was studied,
and the final estimates of £ are collected in table 2. It can be seen by comparison with the
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appropriate values of §/E, deduced from the periods, that several values of E, are involved,
though the accuracy is not sufficient to decide whether or not those values which are
approximately equal are really identical.

TABLE 2. SUMMARY OF DATA ON GALLIUM

(BIE,) beat period g E, a theor.
x 107 x 107 x 1020 x 1014 x (°K) x 108 x 108
Ga4 ab-plane, 8 February 1950 (¢ from a)
g 88 19-8, 119 27-0 20-1, ~97  10-2, ~82 40
< 187 19-2, 11-3 1-9
- 335 21-8 7-2
43-6 24-6 11-3
§ > 586 27-3 0-5 14-4 167
olm 68-8 289
o 786 29-8 19-1
o 5 Ga4 ab-plane, 15 Februry 1950 (specimen remounted)
an o 86 20-1, 11-5 274 131 11-4 34
= 185 20-0 1-6
26-6 20-7 1-3 4-0 57
=2 43-7 24-6 10-2
% 57-0 273 14-4
Eg 789 29-8 33-8 11-3 0-8, 1-1 17-4 (17-4)
83 & Gab ab-plane, 17 February 1950
D 85 19-9 33
oz 37-5 231 13 68 79
T 49-5 25-9 10 10-8 108
o = 79-0 30-2 16-0
Ga3 ab-plane, 24 February 1950
~05 420, 11 200
8:0 20-0, 11-3 27-5 46
78-3 30-2 19-1
Ga4 ac-plane, 10 February 1950 (y from a)
9-5 20-3, 466 12-2 2-6 3-5
194 19-1 2:6
315 323, 292 300 6-4
or 36:2 ‘
44-6 40-7, 32:8 170 20, 6
57-6 43-2, 50-2 270 37,9
69-7 4577, 54-6 280 34, 5
79-8 45-3, 49-8 500 27-5 6-1 37, 37
o 84-8 51-3, 47-4 600 53, 53
\j‘\\ﬂ Gad4 be-plane, 22 February 1950 (3 from c¢)
::‘ 10 45-3, 502, 460 26-1 58 0-8 49, 13
>_‘ >.1 2'7
— 22 42-3, 52-3 400 21, 8
o 15 32 39-6, 55 140 47, 6
e 45 22.8, 42 50 14, 9
P or 157
T O 58 268, 34-5 120 22, 4
~ or 21-9
70 29-2 20-4
80 30-2 31-6 10-5 0-1, 0-8 20-4

Notes. The first figure under B/E, is the dominant period, usually as measured at 4-2°K, and the accuracy
is usually better than 2 %,; the second, either a subsidiary period deduced from the beats or a new period
appearing at low temperatures. Where two entries appear in the x column, the first is for 4-22° K and thesecond
for a low temperature. ais the amplitude of the dominant frequency at 4-22°K and 1/H = 0-65 x 10—4;
when beats occur this estimate is very rough, and the second figure is an even rougher estimate of the ampli-
tude of the subsidiary frequency. The entries under aineor. are calculated, assuming a for 1 = 78:9° to be
17-4 x 10-8, using the appropriate value of x, and assuming E, is the same for all the curves concerned,
i.e. £ proportional to period.
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Only a few of the curves are either simple enough or extend far enough to make any
analysis of the field variation of amplitude reliable. The most extensive and simplest curve
is that for ¢ = 78-9° in the ab-plane at 4-22°K (figure 1), and the analysis of its field
variation is illustrated in figure 5, where log aH? is plotted against 1/H (no correction for
the difference between (5) and (1) is necessary because of the relatively high temperature).
It can be seen that the points lie fairly well on a straight line, but this must not be regarded
as proving that the index of the power of H in (1) is really $, since the form of the plot is in-
sensitive to the exact value of the index. From the slope of the plot a value of 27%k(1T'4-x) /f
is obtained, and comparison with the slope 27%/fH of the appropriate logarithmic plot of
temperature variation gives x as 0-80°K. A similar analysis for the envelope at 1:08°K,
this time making the appropriate correction for the difference between (5) and (1), and
ignoring the high-field region where the points fluctuate, gives x = 1-07° K. Since x appears
as the difference of two not very different quantities the accuracy of determination is not
high, and these two estimates of x may be regarded as reasonably consistent. The values
of x found from the various curves which could be usefully analyzed are collected in table 2.

It is now possible to discuss the relative amplitudes for a given field and temperature at
the different orientations for which x has been determined. If the theory is taken literally, the
product aft/e?m*7T+9 should not vary as the orientation (and hence also £ and x) varies,
provided the same ellipsoid is concerned ; thus theoretical values of a can be calculated at
different orientations based on the value of ¢ at one particular orientation. This has been
done for some of the curves for ¥ between 26-6 and 78-9 ° in the ab-plane, and as can be seen
from table 2, the theoretically predicted amplitudes fall less rapidly than the observed ones
as ¥ is reduced from 78-9° (where the theoretical value has been adjusted to agree with ob-
servation). However, as mentioned in the introduction, it is probably just in such matters
as comparison of amplitudes that the theory is least likely to be adequate.

When 272% T/H is sufficiently small, formula (5) differs appreciably from (1) not only
in predicting modified amplitudes, but also in predicting the presence of harmonic com-
ponents. As can be seen from (5) the predicted ratio 7, of the amplitude of the pth harmonic
to that of the fundamental is given by

1 cos mpf,/f sinh 2nk T//S’H I: 2712 p—1) kx:'

"s = it cosmp,f sinh 2n2pk TIFH <* (7)

if the Landau formula is modified to take account of electron spin (see p. 4) and collision
broadening. Detailed measurement of a single cycle for = 78-9° in the ab-plane at 1-08° K
did in fact suggest the presence of harmonics, but since the envelope curve showed beats in
this region (figure 1) and the finite twist of the crystal could have also contributed a second
harmonic of strength comparable to that observed, it was decided to repeat the measure-
ments under more favourable conditions before making any analysis. The repetition was
made with Ga 5, using a stiffer suspension and at ¢ = 84-3° in the ab-plane, where the beats
were much less pronounced ; under these conditions the instrumental effect could be shown
to be very small. Measurements were made at several temperatures and some of the curves
are shown in figure 6 and summarized in table 3, in which the values of 7,, 73 and 7, found by
Fourier analysis of the experimental curves are compared with the values predicted by (7);
the relative phases of the harmonic components will be considered later (see p. 21). The

Vor. 245. A, 3
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18 D. SHOENBERG ON THE

facts that the third and fourth harmonic amplitudes are appreciably different in the two
cycles analyzed at the low temperatures, and that they occur at all with appreciable ampli-
tudes at 4-22° K, may be ascribed partly to the residual influence of the beats, and partly

al
2._
o=
3
IB
Ko
= | | ] |
— 0-64 066 0-68 070
-
4-22°K
O_
| | [—— t
0-64 0-66 0-68 0-70

104 1/H (G-1)

Ficure 6. Gab: detailed plot of variation of anisotropy with 1/H for ab-plane,
Y = 84-3° at 4-22°K and 1-16°K.

TABLE 3. STRENGTHS AND PHASES OF HARMONIC COMPONENTS

phases in degrees

r¢l = 45° ¢, = 90° X observed theoretical
T (°K) ;?52 ?s ¢‘4 [ ?s Py P} 3 74 Ty T3 Ty

1-16:

Ist cycle 55 25 103 145 160 — 77 019 005 0019 0-21 0:06 0-017

2nd cycle 48 35 73 138 170 —107 020 0-08 0-024
1-29:

1st cycle 52 35 222 142 170 42 017 005 0012 020 0-05 0-015

2nd cycle 49 - 53 99 139 188 — 81 0-19 0-08 0-005
4-22 40 60 2 130 195 182 007 0025 0017 0058 0004 2x10-4

Notes. The entries under ‘ theoretical’ are the valuesof r calculated for 1/H = 0-65 x 10~4from (7). The values
of # required in the calculation were determined specially in the same experiment and found to be x = 0-50°K
at 4-22°K and x = 0-62°K at 1-29°K; the 1-29°K value was used at 1-16°K. The values of the factor
cos (mpfo|f)[cos (mfy]B) were 0-96, 0-88 and 0-78 for p=2, 3, 4 respectively. In analyzing the experimental
curves a small correction was applied to take account of the instrumental effect (finite twist of crystal) ; this
hardly affected the values of  but changed ¢, by a few degrees.

to inaccuracies of measurement; bearing this in mind the agreement with theory can be
considered as satisfactory. It should be noticed that in the various logarithmic plots dis-
cussed earlier the possible presence of harmonics was ignored ; this is in fact fairly justified,
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pE HAAS-van ALPHEN EFFECT 19

since even with r = 0-2, the peak to peak amplitude of the experimental curve differs by
only a few per cent from that of the fundamental, and the difference of the logarithms is
very small. It is, however, possible that some slight residual departures from linear plots
may be due to this neglect.

We may now consider the question of the representation of the Fermi surface by ellipsoids.
The simplest assumption consistent with the orthorhombic symmetry of gallium is a single
ellipsoid with «,;, &y, and a,, all different and the other «’s all zero; the theoretical formulae
can then be defined more precisely as follows. If the c-axis is vertical, the symbols in equation

(1) become B = efi(m, cos® f +my sin? §) fc(my myms)3,
Am = m;—m, (to give y,—¥, in equation (1)), (8)
m' = (mymyms)?,

where my = mofayy, My = Mpftlay, My = My[tss. (9)

For the a- or b-axis vertical the suffixes must be commuted in an obvious way.

3 - 3f—o —
‘\.\ [
o o d
L]
L Lo - 2l 7] DN —
S $\ )
g \Q\ Ve \\:‘\
,:'é ¢ ° ,/ o N
0-5— S R~ , - 1 ° -
- _—_.____f—\qk\—ﬁ' // °
—————— ///. Se
i R T T
0 05 o 0 05 0 0 05 10
b a b ¢ ¢ a
cos? Y

Freure 7. Gallium: variation of square of period (f/E;)? with cos? y. The various points in the
left-hand diagram have the following meanings: O, Ga4, 8 February 1950; e, Ga4, 8 February
1950, subsidiary periods; +, Ga4, 15 February 1950; x, Ga4, 15 February 1950, subsidiary
period; A, Gab. In the other diagrams O means a main period and @ a subsidiary one;
where two subsidiary periods are shown these are alternatives; for the two orientations nearest
the ¢-axis in the right-hand diagram it was not clear which was the main period and which the
subsidiary, so both are marked with open circles.

It is evident from the multiplicity of periods that such a single ellipsoid is too simple
a representation, but before going further it is useful to compare the variation of period
(i.e. of §/E,) with y, with the prediction of (8). The appropriate procedure is to plot (4/E,)?
against cos? ¢, as has been done in figure 7, where it can be seen that in the ab-plane at least,
a straight line is indeed obtained over a fair range of . In the other two planes also, many
of the experimental points can be connected by straight lines within the experimental
accuracy, as indicated, though the points referring to the subsidiary components which
cause the beats do not seem to fall on a linear plot. Departure from a linear plot suggests

3-2
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20 D. SHOENBERG ON THE

non-vanishing cross-terms in the ellipsoid representation, and crystal symmetry would then
automatically require the ellipsoids to be in pairs, leading to pairs of values of § of the type

foc (my cos? 4 my sin? o +mg cos ¥ sin )t

No scheme of this kind, however, can fit the facts in detail, since it would involve two periods
which become exactly equal for § = 0 or 7, while extrapolation suggests that the two periods
for the field nearly along the ¢-axis will not in fact become equal for the field exactly along
the c-axis. It should be noticed too that the experimentally determined value of £ for the
field along the c-axis and for the field along the a- or b-axes are quite different (see table 2),
so it is probable that the ellipsoids involved are unrelated by symmetry. The departure of
the points from the main straight line of figure 5 as the field turns nearly into the a-axis is
greater than can be ascribed to experimental error, and even though the £, values close to
the a- and b-axes are approximately equal, here too it is probable that independent ellip-
soids are involved. It is worth pointing out that the variation of amplitude with ¥ serves
as a useful guide in relating particular periods to particular ellipsoids. Thus in the ab-plane
it is plausible to suppose that as y passes through the range of 20 to 30° the effects of one
ellipsoid fade out and the effects of the other take over. The whole situation is further com-
plicated by the various new periods which show up only at the lowest temperatures, and it
is evident that considerable effort, with measurements at much closer intervals of ¥, will
be necessary before anything like a full description will be possible.

Although in view of these difficulties any detailed discussion of the absolute values of
the amplitudes (see table 2) would be unprofitable, it is of interest to consider how big the
amplitude should be for the field close to the b-axis if only the single ellipsoid relevant in
this region is taken into account. From the periods, if we extrapolate as in figure 7, we have
that the mass ratios are m;:my:my = 3-75:11-6:1, and from the absolute value of § extra-
polated to the b-axis (34 x 1071%) we obtain (m,ms)*/m, as 0-054, where m, is the ordinary
electron mass; we thus find

Knowing the value of x, all the data are available for calculating the amplitude according
to the theoretical formula, and it turns out that for = 78-9° in the ab-plane, 7" = 4-22° K and
1/H = 0-65 x 1074, the amplitude should be 7 x 1078, The fact that the experimental value,
17 x 1078, is higher than that predicted theoretically is puzzling, since, as was mentioned on
p. 5, if the theoretical formula has to be modified to take proper account of the disturbing
influence of the lattice this modification would probably reduce rather than increase the
theoretically predicted values. It is, however, not impossible that the discrepancy between
the observed and predicted amplitudes is due to an over-simplified description of the
Fermi surface rather than any failing of the theoretical formula.

A similar analysis can also be made for the ellipsoid mainly responsible for the de Haas-
van Alphen effect near the ¢c-axis. If the subsidiary periods are ignored, we find (though the
extrapolations here are less reliable than for the b-axis) m;:m,y:m; = 0-52:0-055:1, and
from the absolute value of £ along the ¢-axis, we have (m;m,)!/m, = 0-067, so that
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pE HAAS-van ALPHEN EFFECT 21

We then find that the theoretically predicted amplitude for 3 = 10° in the b¢-plane at
T = 4-22°K and 1/H = 0:65 x 10~*is 4 x 1078, while the observed value is about 50 x 1078,
Thus the discrepancy is in the same sense as near the b-axis. For the g-axis the data is in-
sufficient to provide more than rough upper limits of the effective masses; figure 7 suggests
(but only very roughly) that m,/m, = 0-7 and m4/m;<<0-25; the appropriate value of f
(also rough) gives (myms)/m, = 0-09, and we find

my[my>0-2, my/my>0-15 and my/my;<<0-05.

This information is too rough to make any calculation of amplitude worth while, especially
since x could not be reliably determined because of the various frequencies present.

v
/ ¢ n‘*/
+ +p_+a+
Ga| C +// . WW
o
1- 02 / Wf(}a
o
e
el
T +D,+°’+
< A
) 407
%
2 051
e : | : : | 2'6 3|0 314 ;8 G
012 4 6 10 14 18 22 : a
0 1 2 4 6 8 10 12 14 16 18 C

Ficure 8. Plot of values of 1/H for maxima (0) and minima (+) of oscillations in gallium and
graphite against successive half-integers (even multiples for the maxima); thus each integer on
the scale of abscissae represents 27 in phase.

We shall now conclude our discussion of the gallium results by considering the phase of
the oscillations; this can be done with confidence only for curves which show no marked
beats, i.e. only for curves in which the field is directed nearly along the s-axis. The curve of
anisotropy against 1/H for y = 84-3° in the ab-plane can be described by the expression

;1—1—1{—]2 = a{ry—sin (0 —¢,) +7,8in (20— @) —r4sin (30 —¢@,) +7,sin (40—¢4)},  (10)
1 2 .

where ¢ stands for 27E,/fH and the ’s are the ratios introduced on p. 17. According to the
theory a should be proportional to m,—m, and therefore positive, and all the ¢’s should be
equal to 45°. In the harmonic analysis of the curves of figure 6 the precise origin of 4 is
unknown, so only relative values of the phases can be estimated, i.e. the values of ¢,, ¢ and
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22 D. SHOENBERG ON THE

¢4 depend on the choice of a value for ¢,. In table 3 the values of the ¢’s derived from
harmonic analysis of the various curves and based on the alternative assumptions ¢, = 45
and 90° are shown (the latter is indicated by the considerations discussed below). It can be
seen that the values of ¢, show little consistency and so cannot be regarded with any con-
fidence; the values of ¢, and ¢, are reasonably consistent and point in favour of the assump-
tion ¢, = 45°.

An independent estimate of the phase can be made by attempting to fix the origin of ¢
precisely. The positions of the maxima and minima of a curve at 4-22° K, such as that for
¥ = 78-9° in figure 1, depend almost entirely on the fundamental term in (10), and as can
be seen from figure 8 a plot of the values of 1/H at which the maxima and minima occur
against successive half-integers (even multiples for maxima) gives a good straight line (the
slight departure beyond 1/H =1-1x10"* can be ascribed to slight calibration errors).
The intercept of this straight line on the axis of abscissae (i.e. +—¢,/27) comes at 0-0 which
would imply ¢, = 90°, but the extrapolation is considerable, and an error of 45°, partly
from random and partly from systematic causes, cannot be regarded as impossible; it may
be mentioned, however, that analysis of the less extended data for Ga 5 at = 84-3° (from
the experiment in which the harmonics were studied) also points to ¢, = 90°. If ¢, were
really 90° the values of ¢, and ¢; would become quite different from each other and from
¢, (see table 3), which would be entirely contradictory to the theory, but since the deter-
mination of ¢, is not very precise, and since it is also possible that the harmonic analysis on
which the other ¢’s are based is falsified by the residual effects of beats, the evidence against
the theory is not conclusive. '

Tin

The de Haas-van Alphen effect in tin was discovered in the preliminary series of measure-
ments in May 1949 (Shoenberg 1949), but since these early measurements have been entirely
superseded by the more systematic and accurate experiments with the new apparatus they
will not be discussed further. Most of the measurements were made with the crystal sus-
pended with its tetragonal axis horizontal and a binary axis* vertical, but one series was
made also with a binary axis set 45° off vertical and in another series the tetragonal axis was
vertical. Some representative curves illustrating the salient features of the results are shown
in figure 9.

The most striking novelties in tin as compared with the metals previously studied are the
very short period of the oscillations, which accentuates some of the experimental difficulties
met with in gallium, and the peculiar modulation of the oscillations. A good deal of time
was spent investigating the nature of this modulation, but no satisfactory interpretation has
been found. The two features of the modulation which are difficult to understand are
(a) the alternating cusp-shaped and flat maxima and minima and () the fact that the
envelope of the minima is displaced from the mirror image of the envelope of the maxima
by half a period of the modulating cycle. At first it was thought that these features might
be associated with the finite twist of the crystal, which effectively makes ¢ slightly different
for the maxima and the minima of the oscillations. This difference, however, is least for the
smallest values of ¥, and since it is just then that the features (¢) and () are most clearly
pronounced, and, moreover, since the features were just as pronounced in two specimens with

* The binary axis referred to here is the one along which the spacing is 5-82A.
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pE HAAS-van ALPHEN EFFECT 23

deflexions (i.e. twists of the crystal) differing by a factor of about 3, it is unlikely that they
are associated with the finite twist of the crystal. It should be noticed that although the
depth of the modulations varies considerably as between specimens (cf. curves for Sn 8
and Sn 9) the periods of the modulations for several specimens are rather accurately repro-

10
201~ w V\/\\/\/\ 1 780K
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Ficure 9. Tin: variation of anisotropy with 1/H at various angles i between the field and the
tetragonal axis; the binary axis was vertical except for ¢ = 60°, when it was at 45° to the
vertical; the values of ¥ and the temperature are indicated for each curve. Except for the top
left-hand diagram which is for Sn8, all the curves are for Sn9; the points are maxima and
minima of the oscillations and only the envelope curves are shown. For i = 80-2° only the
maxima and minima indicated by O were actually measured, while those marked x were
interpolated from a count of how many had been passed through; this procedure permitted
a rapid determination of the very short period. The broken curves for ¢ = 5-4° indicate sche-
matically the method of ‘smoothing’ the modulations.

ducible, confirming that the modulations have some fundamental origin rather than one
associated with an instrumental feature or with slight errors in angles. If it were not for the
shape of the modulations, a simple explanation of the fact that the envelopes of the maxima
and minima are not mirror images of each other would be that the modulations are caused
by the presence of a periodic term with the low frequency of the modulation itself, rather
than a frequency close to that of the fundamental, but the fact that the distance between
the upper and the lower envelope curves itself varies periodically, and other considerations
discussed below make this explanation improbable.
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The variation of the fundamental period with orientation is summarized in table 4 and
figure 10. Since tin is tetragonal, the simplest representation would be by a single ellipsoid
with m; = m,; this would cause the square of the period to vary as

mgq cos? Y +m, sin? ¢, (11)

which is in satisfactory agreement with the observed behaviour for small values of ¢, if it
- is supposed that m, < ms. The behaviour for large values of  is, however, more complicated,
and it is clear that quite other terms than (11) are required to describe it, and, moreover,
terms which will depend on the direction of the field relative to the binary as well as the
tetragonal axis. This is not only because the periods for large ¥ are modified when the
binary axis is set 45° off vertical, but also because they are sometimes appreciably affected
even by the accidental changes of a degree or so in orientation associated with a remounting
of the crystal in nominally the same orientation. In order to study further the importance
of the binary axis orientation, an experiment was made in which the tetragonal axis was
vertical ; unfortunately, the observed couples were small and became too small to measure
except for the direction of the field fairly close to a binary axis. Owing to the smallness of
the effects and the extreme shortness of the period, the period could be estimated only
roughly and no significant results on its directional dependence were obtained. It was,
however, possible to plot the variation of amplitude with angle (figure 11), and it can be
seen that although the pattern has something like the required tetragonal symmetry, the
heights of the various peaks are quite different at positions where the symmetry requires
them to be identical. This is probably another illustration of the great sensitivity to angular
errors, but may also be partly due to imperfections in the crystal.®

Attempts to analyze the dependence of the periods of the modulation on ¢ did not prove
fruitful. Thus, if the modulation is regarded as caused by the beating of two neighbouring
frequencies, the subsidiary periods at various orientations can be estimated, but do not fit
in any obvious way into the scheme of figure 10, while if it is treated as due to a periodic
term with the same period as the modulation itself, the square of this period does not give
a linear plot against cos?y.

The temperature variation of the amplitude (ignoring the modulations by drawing a
smoothed envelope as for § = 5-4° in figure 9) gives the values of # shown in table 4, and it
is interesting to note that these values are, within experimental accuracy, proportional to
the periods, so that E; is approximately the same throughout, even for the presumably
independent ellipsoids necessary to describe the behaviour for the field nearly perpendicular
to the tetragonal axis. The value of £, is about 31 x 10~ !*erg, corresponding to a degeneracy
temperature 77, of 2250° K. It may be mentioned that the values of 272k T/fH were never
large enough to make the difference between the exponential in (1) and the sinh in (5)
important, and the corrections discussed for gallium were therefore very small here. If
the depth of the modulation is treated as an independent periodic térm, a value of £ (which
is denoted by £’ in table 4) may be estimated from its temperature-dependence, and it is
perhaps significant that the value of f” is within experimental error proportional to the

* Since the crystal was not carefully centred in this experiment, and it is possible that the axis of rotation
of the magnet does not pass exactly through the region of most homogeneous field, it is possible that a reduc-
tion of amplitude occurs owing to field inhomogeneity (see p. 28), and that this reduction varies with
rotation of the magnet.
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pE HAAS-van ALPHEN EFFECT 25

fundamental period, but not to the modulation period. This provides further evidence
against regarding the modulations as due to an independent long-period term, and suggests
rather that the modulation is associated in some direct way with the fundamental periodic
term.

){2&
r :
30— £
ot
A
[ ]
v
[ )
4 r ! 1 |
04 06 08 10

cos? Y

Ficure 10. Tin: variation of square of period (B/E,)? with cos? ¢. O, Sn9, 1 November 1950;
1, Sn9, 22 November 1950; @, Sn9, 3 November 1950 (binary axis at 45° to vertical);
+, Sn4; x, Sn8; A, Sn3. For Sn4 at ¥ = 45° two points are shown, since the dominant
period changed as the temperature was lowered ; except for this case no subsidiary periods are
shown.

Ficure 11. Tin: variation of amplitude (a) with the angle y between the field and a binary axis,
in the tetragonal plane. The position at which 3 = 0 could not be very precisely determined.

Analysis of the field variation of amplitude led, as with gallium, to linear plots of log af{*
against 1/H, from which the values of x shown in table 4 were estimated; it can be seen that
these values are fairly consistent both as between different temperatures and as between
different specimens, though as with gallium there seems to be a tendency for the values at
4-22°K to be systematically smaller than those at a low temperature. The significance of

Vor. 245. A. 4
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26 D. SHOENBERG ON THE

TABLE 4. SUMMARY OF DATA. ON TIN

A A

SOCIETY

OF

PIE, beatperiod g L E, a a
v x 107 x 107 x 1020 x 1020 x 1014 x (°K). x 108 x 108
Sn3, 28 July 1950, T =4-22°K, 1-50°K
6 597 64 12-1 4-6
11 5-89 55 16-6 11-2 28-2 ~0-6 2-1 0-2
] ~16 14-2 42
22 550 44 16-3 12-1 29-7 2-0 02
37 14-6 36
33 5-05 24 1-3 01
45 45 0-14
63 1-88 7-8 07 0-2
73 2-25 01
Sn3, 16 August 1950, T = 4-22°K, 1-4°K—remounted and 4 mm low in magnet
11 5-82 51 16-7 125 28-7 ~1-0 36 04
52 , ~14 24-5 72
22 545 35 , 2-3 - 04
Sn4, 2 August 1950, 7T'=4-22°K, 1-50°K
-11 44
6 5-86 61 24-5 55
11 578 183 317 08 4-4
1-2 23-3
22 5-50 38 31 0-2
33 4-86 22 152 10-9 313 14 02
45 4-50,2-50* irregular®* ~12-3 0-1
63 2:17 06
73 212 05
Sn8, 18 October 1950, T = 4-22°K, 1-48°K
112 579 180 11-7 311 1-05 4-1 0-2
577 1-03 22-9 35
14-2 574 4-0
222 553 36 14-0 45
33-2 510 ~23 53 1-6
60-2 ~3 0-2
70-2 ~2:25 0-2
80-2 ~23 09
852 ~2-5 11
, Sn9, 1 November 1950, T = 4-22°K, 1-78°K
2 24 . >45 49 >15
4 54 64 46 15
10-9 571 55 18-2 12-5 31-9 91 09
55 43 12
22-4 5-54 36-5 174 11-5 314 54 05
36-5 28 9
344 4-82 22 15-8 94 328 17 01
225 11-3 27
444 4-20 13-0 31-0 0-24
59 » 30 2
494 ~24 91 38 0-08
4-0
54-4 2-21 62 3-0 09
594 175 55 1-1. 0-3
624 ~2-:0 0-4
5 80-1 2-36 09
85-1 2-43 0-9
* Based on a curve taken at 2-55°K.
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TABLE 4 (cont.)

B/E, beat period f i E, a a’
) x 107 x 107 x 1020 x 1020 x 101 x (°K) x 108 x 108

Sn9, 22 November 1950, T = 4-22°K, 1-78°K (displaced sideways by 1 or 2 mm,
probably by different amounts at the two temperatures)

SOCIETY

—10-8 11-1
2-4 70 54 21
y 10-9 ~10 ?
. ' ~50 ?
| 112 ~58 9-8 0-8
226 ~53 6-1 ?
346 ~50 1-9 ?
452 ~275 ~ 85 2-8 0-8
502 ~24 1-0 ?
55-2 2-11 ~ 7 0-5 0-2
60-2 272 0-2
65-2 1-50 0-2
70-2 2-40 1-2
80-2 1-95 _ 58
847 ~2'5 53
Sn9, 3 November 1950, T = 4-22°K, 1-78°K (binary axis 45° to vertical)
L —11 ~7
0 2:5 44 ?
55 65 v 38 114
11 570 18-4 32-3 7-0
54-5 32 59
22-5 550 17-2 31-3 30
28 15-8 1-8
345 4-86 ~16-7 10-4 34 1-2 0-2
21 6-9 44
445 4-06 0-3
49-5 39 111 28 0-2
8 50 1-2
54-5 3-65 3-6 ?
60 ~2:0 7 2-1 0-9
65 1-83 9 0-6 0-3
75 <0-03
85 <01
y Sn9, 7 March 1951, T'=1-78°K, 1-07°K (tetragonal axis vertical; i measured from a binary axis)
, 20 225 66 29-4 27
) 11-2
22 2-25 2-3
24 2-13 0-7
27 2-13 0-3
Notes. a and o’ are the amplitudes of the main oscillations and the modulation respectively, defined as
half the swing from maximum to minimum; the figures at the left always refer to the higher temperature
and those at the right to the lower temperature mentioned in the title of the series. Data at intermediate
temperatures have been omitted. Where no entry appears under a’ opposite an entry under 4, no appreciable
modulation was observed; a question mark indicates that modulation was present but that there were
insufficient data to estimate a’. The main period (8/E,) is usually determined to better than 1 9, accuracy;
where the accuracy is poor owing to insufficient range of field this is indicated by the ~ sign. Independent
estimates of the beat periods at two temperatures are shown to indicate the order of consistency. The
L estimates of # when strong modulations are present (e.g. Sn4, i = 45°) are sometimes rough. For the last
© series (tetragonal axis vertical) only those values of a are given for which the period was accurately measured;
other values of a are shown in figure 11.
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these values will be discussed later in connexion with the results on the variation of x with
purity.

_ As can be seen from table 4 the absolute amplitudes of the oscillations varied in an
irreproducible fashion, not only as between different specimens but even between different
series of measurements on the same specimen on different occasions. A good deal of effort
was spent in studying this irreproducibility, and though it did not prove possible to eliminate
it, the following causes were shown to be relevant:

(a) Since the period is very short, the finite size of the crystal coupled with the slight
inhomogeneity of the field might be expected to reduce the amplitude of the oscillations.
We may assume that near the centre of the magnet, the field varies as

H = Hy(1—%z?),

where z is the distance from the centre measured in some particular direction. If the
specimen is idealized to a thin cylinder with its axis in this direction, and its ends at z = z,
and z = z,, it is easily shown that the amplitude should be reduced by a factor f given by

]. v2 7”)2 2 Vo . 7’_1)2 2
I o) {(f Cos”gd”) +(f sin"g-dv) |,

where v = (2Ec/fH)*z. It can be seen that fis just the ratio of the chord to the arc of a
Cornu spiral, and thus differs appreciably from unity only when values of » comparable
with unity are involved. The inhomogeneity parameter ¢ was found by observing with a
microscope the position of a steel ball sliding in a vertical glass tube and loaded by non-
magnetic (phosphor bronze) balls; the value found was about 0-018 cm~2, in good agree-
ment with an independent estimate based on observing the variation with specimen
position of the magnet current at which a particular feature of the de Haas-van Alphen
effectin tin occurred. Putting in typical numerical values, 1/H = 0-65 x 10~%, 2, [fH = 225
(for Y ~ 10°), we find that v = 2z, so for a specimen 1 cm long symmetrically placed, f differs
from unity by less than } 9%, while if it is displaced to bring ong¢ end to the magnetic centre,
f=0-9. For a field two-thirds as big, and for a period one-third of that assumed (as for
values of ¢ near 90°), » becomes about 4z, and for the displaced specimen f = 0-3. These
figures show that in most of the measurements, where care was taken to place the specimen
centrally and the length was usually only 2 or 3 mm, this effect could be safely ignored, but
in some of the early specimens which were as long as 1 cm, and not so carefully placed, a
reduction by 10 9, or so might have been possible. It should be noticed that in this discussion
only a single direction (in fact the vertical) has been considered; it is possible, however, that
in spite of the small thickness of the specimens (1 or 2mm) in the horizontal direction, an
appreciable reduction might occur due to horizontal inhomogeneity, because of the
difficulty of accurate horizontal centring and since ¢ for the horizontal direction parallel
to the field should be about twice as large as for directions perpendicular to the field.

(b) In the course of an experiment (Sn 3, 16 August 1950) to see if the reduction of
amplitude just discussed could be made appreciable by deliberately putting the centre of
the specimen farther from the centre of the magnet, it was observed that the amplitude at
first increased with increasing distance from the centre before finally decreasing; the
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maximum amplitude was nearly twice as large as at the centre. It is probable that this
increase is due to the force acting on the crystal in the inhomogeneous field away from the
centre which, acting on the slightly bowed suspension wire, causes it to twist slightly. This
sensitivity of the suspension to a force as well as a couple may have caused part of the
irreproducibilities, since it was difficult to be certain that the specimen was always sufficiently
central. ‘

(¢) Probably the main cause of irreproducibility arises from imperfections in the speci-
men itself. Laue X-ray photographs gave rather smeary or streaky spots, especially if the
specimen was displaced without rotation during the exposure, and the size of the spots
suggests that the directions of the crystal axes vary by a degree or so through the specimen.
This is not improbable, since the crystals are very soft and may easily have got slightly bent
during handling and in the setting of the Durofix cement. Since for ¢ = 10° a change of
only about 3° in ¥ is sufficient to cover a full cycle of oscillation, any such variation of
orientation through the specimen could cause serious reductions of amplitude. The possi-
bility is also not excluded that the specimen is damaged in cooling, owing to differential
thermal contraction of the Durofix and the tin, or in between experiments if the crystal is
remounted.

(d) Finally, it should be mentioned again that in mounting the crystal, errors of up to
2 or 3° were possible in setting the axes in the desired orientations. For large values of ¢,
as has already been pointed out, the amplitude is very sensitive to the exact orientation of
the binary axis, so such angular errors must be considered as another contributory cause
to the irreproducibility. :

It should be noticed that causes (@) and (¢) predict a reduction of amplitude which should
be the more severe the lower the field strength, and so we should expect to find that x,
which is a measure of the variation of amplitude with field, should appear to.be larger for
specimens where the absolute amplitude is smaller. Since the measured value of x depends
only on the logarithmsg of the amplitudes, and the field was rarely reduced to less than two-
thirds of its highest value, no great effect is to be expected, but it is perhaps significant that
in one of the early specimens (Sn 3) the amplitude at = 11° was only about half of that
obtained with Sn 8, and the value of x was about 1-6° K compared with about 1-0°K for
Sn 8. ‘ A

As for gallium, we may attempt to predict the absolute amplitude theoretically assuming
a single ellipsoid representation, which seems adequate to account for the periods at small .
For this purpose we assume m; = m, in view of the tetragonal symmetry of tin and put
mg/m, = 20 (though this estimate is very rough in view of the scatter of points in figure 10);
it turns out that the predicted amplitude of Ay at 4-22°K and for 1/H = 0-65 x 10™* is
6:5x 1077, which is greater than the highest observed value, 8:5x1078. The predicted
value is proportional to the square root of the assumed value of (m4/m,), so it can be seen
that a very considerable error would be necessary to bring it down to the highest observed
value. '

In conclusion, the present results may be compared with those of Verkin ¢t al. (1949,
19504, b), who discovered the effect in tin independently in June 1949, but have published
only two detailed curves. One of these, which is of Ay against ¥ for a fixed field strength,
appears to be wrongly labelled, since from its symmetry it is evident that ¥ should be zero
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at the point for ¥ marked as about —22°; this error suggests that the orientation of the
tetragonal axis was wrongly determined. Possibly the determination was based on the weak
steady anisotropy, which in the author’s experience is an unreliable criterion, since it is so
small that it is easily upset by the weak magnetic anisotropy of the mounting; in the present
experiments the point where ¥ = 0 was always determined by the vanishing of the de Haas-
van Alphen effect. In view of this angular error, the interpretation of their only other curve
(stated to be for ¥ = 24°) is a little uncertain. The period in 1/H can be estimated from this
curve as about 56 x 1077, This agrees quite well with the value of 5-5 x 107 at ¢ = 22-4°,
obtained in the present experiments, which suggests that the zero correction of 22° is not
required here; possibly the orientation was independently and differently estimated in the
two experiments to which the curves refer. Assuming that ¢ is indeed 24°, their value of
the absolute amplitude of Ay is about 2:7x 1078 for T'= 4-22°K and 1/H = 0-71 x 1074,
which, in view of the irreproducibilities discussed above, can be considered as being in good
agreement with 4 x 1078, the largest absolute value obtained in the present experiments
for y = 22-4° at the same field and temperature.

Graphite

In tin and gallium the oscillations of anisotropy were immediately apparent as oscilla-
tions in the deflexion, but in graphite the steady anisotropy is so large, and the period of
the oscillations so long, that even though the amplitude is large, the deflexion in general
does not itself show maxima and minima, and the oscillations become apparent only after
division by the square of the field. This made the measurements somewhat tedious, since
it was necessary to take a great many readings at suitable intervals of 1/H and only later to
find out the form of the curve, instead of directly observing the maxima and minima as
was possible in gallium and tin. Measurements were made with the hexagonal axis of the
crystal horizontal, and since it was established in the early experiments that the form of the
curves was not appreciably affected by twisting the crystal through 8° in the hexagonal
plane, most of the more detailed measurements were made with a binary axis vertical
(except for G 4, for which the direction of the binary axis was not determined). Repre-
sentative curves for two crystals from different sources are shown in figure 12, and it can be
seen that the positions of the oscillations and modulations are fairly well reproduced from
one crystal to the other, and that the amplitudes are also fairly similar. The modulation
effects, which become particularly marked at the lowest temperatures, considerably com-
plicate the quantitative discussion of the results, but as we shall see later, a reasonably
consistent interpretation may be obtained by supposing that the observed curves contain
a fundamental term and a term of frequency almost exactly four-thirds that of the funda-
mental, as well as harmonics of these which become marked only at low temperatures. The
four-thirds frequency component fades out more rapidly with rise of temperature than does
the fundamental and probably arises from an independent ellipsoid; it is not clear whether
the simple numerical relation between the frequencies has any fundamental significance
or is merely accidental.

The fundamental period can be found accurately only for fairly low values of ¢, since the
oscillations die out too rapidly above y = 40° to make any accurate determination possible.
Within experimental error, however, the observed maxima and minima occur always at


http://rsta.royalsocietypublishing.org/

A\

/ y

A

a
{ B
L 2

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

yA \
V. \
AL A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

pE HAAS—van ALPHEN EFFECT 31

Gl 40°
1-27°R

29 G4 49°
28 12K
29— G4 55°
o A e b
3 ) ‘
S0bout® . bofoo,, G4 65°
30—@0%00000 %04 ZOo 0%q0 |'2K

| | | | | | | 29 o0 12K | I

070 1-:00 1-25 150 1'75 2:00 2:25 075 1-:00 125

104 x 1/H (G™1)

Ficure 12. Graphite: variation of anisotropy with 1/H at various angles ¥ between the field and
the hexagonal axis. The data for G 1 have not been corrected for slight ferromagnetism, but are
corrected for the slight changes of ¥ with deflexion. The data for G4 (which showed a stronger
ferromagnetic effect) have been corrected by dividing them by the corresponding deflexions
at 80°K and adjusting the scale of ordinates to make the mean value of Ay agree approximately
with that for G 1; it can be seen that this method of correction is not quite successful in producing
a mean value of Ay which is independent of 1/H. The top right-hand diagram is a theoretical
curve constructed as explained in the text and scaled to be comparable with the low-temperature

~curves for G1 and G4 at yr = 20°,

the same values of 1/(H cos ¥) as ¢ is varied*, so it can be assumed that the period is almost
exactly proportional to cosy. This means that if we assume the energy surface in phase
space to be represented by two independent ellipsoidsT each having m; = m, in accordance
with the hexagonal symmetry of graphite, then in both ellipsoids m,/m4 is less than about
10-2; we shall see later that probably the ratio is even smaller. The fundamental period
extrapolated to ¥ = 0 immediately gives for the ‘dominant’ ellipsoid ’

PBIE, = 220 x107%, where f = ehjcm,

* There is, however, some slight indication that the values of 1/(H cos 1) become slightly low (by 1 or
2 9, perhaps) at the highest values of ¢.

t The possibility that the second frequency was due to the presence of an appreciable amount of the
rhombohedral modification of graphite was ruled out by the X-ray evidence, which showed that there was
certainly less than 59, of the modification present. .
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and for the ‘subsidiary’ ellipsoid we then have, since the subsidiary period is three-quarters
of the fundamental, ‘
f'|Ey = 1-65x1075 where f' = efifcm;.

The values of § and £’ can be estimated from the temperature variation of the amplitude,
though, owing to the simultaneous presence of several frequencies, this cannot be done
very accurately. For y = 20° the amplitudes of the two main frequencies (i.e. smoothing
over the irregularities due to the harmonics) were roughly estimated at 1-27 and 2-50° K
from the depth of the modulations, and after making due allowance for the correction due
to the difference between (5) and (1) on the same lines as for gallium (this correction is
quite considerable here), values of f = 4-7x107!° and f' = 2:5x1071° were obtained.
A rather more accurate procedure for obtaining £ was to study the temperature variation
of each ‘feature’ of the curve separately; thus, defining « as the difference between each
minimum in turn and the mean of the two adjoining maxima, and plotting log a/ 7" against
T after correcting a suitably, a number of slightly differing values of § could be found, whose
average is probably a fairly reliable estimate of the value of £ characteristic of the funda-
mental. In this way £ for = 20° was found to be 4:83 x 10719, and this estimate is probably
within 2 or 3 9, of the true value. A similar (though less thorough) analysis for ¢ = 40°
gave a value of # 1-32 times as high, which is reasonably consistent with the ratio 1-23 of
cos 20° to cos 40°. Dividing the § = 20° values of # and £’ by cos 20°, we have that for y = 0

f=513x10"19 and g ~26x10°19,
or, since f, = ¢fifcmy, = 1-85 x 10720,
my/my = 3-6x 1072 and mj/my~Tx 1072
- The corresponding values of E, and Ej are
E,=233x10""erg and E;~1-6x10"14erg,

ie. T,=169°K and 7~ 120°K.

The decay of amplitude with field can be analyzed in a way similar to that just described
for the temperature variation; logaH* is plotted against 1/H, where « is the difference
between a minimum and the mean of the adjoining maxima, and though the points scatter
a good deal, the lines joining the points from ‘corresponding’ features (e.g. all the shallow
minima) are fairly parallel, and a rough average slope may be estimated. The values of
a must, of course, be corrected as before for the difference between (5) and (1). From the
slopes, the value of x for y = 20° at 1-27° K was found to be 1-5° K. Owing to the rapid
fading away of the oscillations at 2-5 and 4-22° K the estimates of x were very rough at these
temperatures but agreed with that at 1-27° K to within about 0-5° K, which can be regarded
as within the uncertainty of the procedure. For y = 40° at 4-22° K (where the beats are not
pronounced) a rough value of x = 2:5° K was obtained.

Examination of the amplitudes for different values of ¥ suggested that up toabout ¥ = 50°,
the reduction in amplitude for increasing ¥ can be roughly accounted for by supposing that
x increases as sec?y. Thus if ¥ = x,sec?y we have

log a = —2mkxysec? ¢ /fH cos 4 terms independent of ¢,
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where a is the amplitude of a particular feature, which for different ¥ occurs at the same
value of H cos ¢, and x, refers to ¢ = 0; alogarithmic plot of @ against sec? ¢ should therefore
give a straight line of slope 2nkx,/fH cos . The logarithmic plots are indeed roughly linear
(except that the point for = 57° comes rather high) and the slopes are roughly proportional
to 1/(Hcosy¥), and we find x, = 1-7°K with an uncertainty of about 30 9, which is not
too different from the value derived from the field variation for ¥ = 20° after division
by sec?20° (x, = 1-3° K). We shall refer later (p. 53) to the possible significance of the rough
empirical relation x = x,sec?y. '

In discussing the absolute amplitudes of the oscillations we cannot follow the procedure
adopted in gallium and tin, since for graphite only an upper limit can be set to the ratio
m,[ms. We can, however, assume the validity of the theoretical formula and the corre-
sponding value of (ms/m,) is then found to be about 5500 (i.e. m3/m,~ 200). It should be
noted, however, that these figures are very rough, since they involve the square of the
absolute amplitude which cannot be very accurately determined and the value of x assumed
is rather rough too; moreover, if the theoretical formula has to be reduced by some factor
as a result of taking into account the influence of the lattice field in a more fundamental way,
the estimate of my/m, would be increased. Finally,itis worth mentioning thatan evenrougher
estimate may be made of the ratio m;/m;, where the dashes refer to the subsidiary ellipsoid
which is responsible for the beats; making a rough estimate that the absolute amplitude of
the subsidiary term at 4-22°K is about 15 9, of the fundamental, and guessing arbitrarily
that x for the subsidiary term is the same as for the fundamental, we find my/m; ~10*
(i.e. mg/my ~ 700). Actually there is some evidence (see below) that ¥ may be rather smaller
for the subsidiary term than for the fundamental, and if we put x = 0, we find m3/m; ~ 850
(i.e. my/my~ 25).

We come now to the question of the phase of the oscillations and the harmonic analysis
of the experimental curves. This is more difficult than for gallium, first because of the
presence of the independent (four-thirds) frequency, and secondly because the amplitude
varies more strongly over one full cycle than it does for gallium. Owing to the difficulty
of reliably ‘idealizing’ a cycle to eliminate the amplitude modulation it was decided to try
synthesis rather than analysis, and after some trial and error it was found that the expression

L L in (§—¢) —0-4sin (30+100°—4¢) + 0-4sin (20+-30°—24)}  (12)

H I, a{ry—sin (0 —¢@) —0-4sin (56 + 5
could be used as the basis of a representation of the low-temperature curves at = 20° in
figure 12; here ais positive, 0, as in (10), stands for 2nE/fH and ¢ is for the moment arbitrary.
To obtain a still closer representation, the amplitudes of the three periodic terms in (12)
were varied in accordance with the appropriate values of the relevant parameters; it
was found that to avoid too rapid decay of the four-thirds frequency term the parameter x
had to be taken as 0-3° K, a value much lower than the 1-5° K found for the main frequency.*
The final result is shown in figure 12, and it can be seen that it does give a fair representation

* The calculation of the modulation was in fact somewhat simplified by assuming that the amplitudes
of the successive terms in (12) fell linearly from their initial values at 1/H = 0-65 x 10~* to final values at
about 1/H = 1-3 x 10~ 0f 0-72, 0-72 and 0-32 of the initial values. The use of a linear rather than exponential
interpolation is not likely to cause any serious distortion.

VoL. 245. A. 5
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of the experimental curves. It is quite likely that a still better fit might be obtained by con-
sidering higher harmonics and harmonics of the four-thirds frequency, but the data are
hardly accurate enough (not consistent enough between G 1 and G 4) to make this profitable.
The relative phases chosen in (12) are probably not wrong by more than 30°, since it was
found that if they were varied by more, one or other of the experimental features began to
be seriously distorted. It can be seen at once that it is impossible to choose ¢ to make all
the phase angles equal, but if ¢ is chosen as 30°, the arguments of the various terms become
(0—30°), ($0+60°), (20—30°), so that at least the phases of the main term and its harmonic
agree. ,

Just as for gallium we can now obtain an independent estimate of ¢ from extrapolation
of the plot of the values of 1/H for which maxima and minima occur against successive half-
integers. Here the extrapolation required is not so great since Ey/f is smaller than for
gallium, but the plot (figure 8) is not quite such a good straight line owing to the beats;
the effect of the beats in throwing the points off a straight line is particularly serious at the
highest fields, and a systematic error may well occur in determining the intercept. The
intercept of the best straight line indicates ¢ = 0, but ¢ = 30° (as indicated by the harmonic
analysis) cannot be regarded as inconsistent with the data. We thus see that the main fre-
quency and its harmonic have phases nearly, but not quite, in accordance with the theo-
retical prediction (45°), while the subsidiary frequency has a very different phase. It may
be noticed that it is only because of the presence of the four-thirds frequency that the
harmonic is able to make its presence so apparent in the ‘double-hump’ feature. A puzzling
feature of (12) is the large strength (r, = 0-4) of the harmonic, for according to (7) r, should
be only 0-18. The experimental determination of 7, is of course only rough, but it seems
hardly possible to reproduce the double hump adequately unless 7,>0-3. Perhaps the
discrepancy should be taken to indicate that the extra factor e=27*#%/fH introduced to
reconcile the temperature and field variations of amplitude has not quite the correct form.

Antimony

In the preliminary experiments the de Haas-van Alphen effect was missed because of its
small amplitude, but with the higher fields of the larger magnet and improved measuring
technique, the effect was later observed (February 1951) on the same crystal. This crystal
(Sb 1) contained a considerable ferromagnetic impurity and all the detailed measurements
were carried out on a second crystal (Sb 2) which had no appreciable contamination. Since
the first results promised to fit nearly into a three-ellipsoid scheme, analogous to that used
for bismuth, i<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>